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ABSTRACT 
We derive (asymptotically best possible) lower bounds for the toughness of a 
graph in terms of its eigenvalues. 
The toughness of a finite connected graph I with vertex set X is defined 
as the minimum of the quotient IZl/c(X\Z) over all subsets Z of X such 
that c(X \Z> > 1, where c(A) denotes the number of connected compo- 
nents of the graph induced on A by I. For example, the toughness of the 
Petersen graph equals 4/3, and the unique way to achieve this quotient is by 
taking for Z a 4-coclique (and then X \ Z carries the structure of 3K,). 
Alon [l] showed how to derive lower bounds for the toughness t of a 
graph F given its spectrum, and independently, but later, I found similar 
results. However, by combining the two approaches it is possible to prove the 
best possible result (up to an additive constant). 
THEOREM 0.1. Let r be a connected noncomplete regular graph of 
valency d and let A be the maximum of the absolute values of the eigenvalues 
of I? distinct from d. Then the toughness t of lY satisfies t > d/h - 2. 
The constant 2 can be improved a little, but not much, since there are 
infinitely many examples of graphs wit t < d/h. Indeed, for strongly regular 
graphs with smallest eigenvalue s the Delsarte upper bound for the size of a 
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coclique is ]C 1 Q 1 Xl/(1 + d/(--s)). When equality holds, we can take 
2 = X\C and find t < d/(-s). N ow there are many cases where this upper 
bound for the size of a coclique is met with equality; for example, if we take 
for I the complement of the collinearity graph of a generalized quadrangle 
GQ(9,9) (9 P a rime power), then the three distinct eigenvalues are d = 93, 
r = 9, and s = -9 so that h = 9, and we find 92 - 2 < t Q 92. The 
example of the Petersen graph above shows that t can be actually less than 
d/h (it has d = 3 and A = 2). 
1. INTERLACING LEMMAS 
We use interlacing in two forms: (i) The eigenvalues of a subgraph (all our 
subgraphs are induced) of r interlace those of p and (ii) given a partition II 
of the index set of a matrix A, define a matrix B by: B, s equals the average 
row sum of the block of A with rows indexed by R and columns by S (where 
R, S E II). Then the eigenvalues of B interlace those of A. (These results 
are well known; see, e.g. [2]-[5]. M ore can be said in the case of equality.) 
Applying (ii) to the adjacency matrix A of r, with the trivial partition 
having one part only, we find the following very well known lemma. 
LEMMA 1.1. The average valency of a graph is not mm-e than its largest 
eigenvalue. 
[Applying (ii) to A2 we get the slightly better lemma: The average 
squared valency of a graph is not more than the square of its largest 
eigenvalue.] 
Now assume that I? has eigenvalues O1 z 8, > *** > 6,. Then by (i> the 
eigenvalues of the subgraph A induced on a subset Y interlace those of r. In 
particular, we find from the above lemma that at most one component of A 
has average valency larger than 8,. 
Next, let us apply (ii) to a matrix M of order n with constant row and 
column sums k, with a partition II = {R, S} into two parts of sizes r, n - r, 
and let the (R, R) block of M have the average row sum a. The 2 X 2 matrix 
B now has eigenvalues k and (na - rk)/( n - r), so that the latter value lies 
between the smallest and the second largest eigenvalue of M. In particular, 
we find, taking M = A and M = A2, the following lemmas. 
LEMMA 1.2. Let r be regular of degree don n vertices and let the graph 
induced on the r-set R have average valency e. Then 0, > (ne - rd)/(n - r) 
> O,, and hence r < n(e - O,)/(d - 6,). 
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LEMMA 1.3. Let r be regular of degree d on n vertices and put 
A = m&)8,1, I0,I>. Then C,(IlXx) n RI>’ - d2r2/n < h2r(n - t->/n. 
[Indeed, the sum of all entries of the matrix A2 in the (R, R) block 
equals the number of paths y N 5 N 6, with y, S E R and 6 E X, that is, 
C,(IrW n Ro2.1 
This last inequality can also be written as 
2. PROOF OF THE THEOREM 
Let the graph F have toughness t and let Z be a subset of the vertex set 
X such that IZI = tc, where c > 1 is the number of connected components of 
the graph induced on Y := X \Z. By Lemma 1.2 (applied to a coclique 
obtained by choosing one point from each component of Y ), we have 
c < An/Cd + A). As we saw in the previous section, at most one component 
of Y, B say, has average valency more than A; put B := 0 if there is no such 
component. Put C := Y \ B. If IY I < An/d, then IZI 3 Cd - A)n/d so that 
t >, Cd2 - A2>/(dA> > d/A - 1. S o we may assume that (Y) > An/d. By 
Lemma 1.3 applied to Y we find 
lcl.(p-A)2~~c(lr(r)nYl-~)2~A’2.1(i-~). (1) 
Put r := IY l/n = 1 - tc/n. Then (1) becomes 
A2 < -rtc, 
d2 
where A/d < r < 1. Thus, 
We may assume that A/d < I/2; otherwise, there is nothing to prove. 
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Assume ICI > c and t < d/A - 2. Then, using c Q hn/(d - A), we 
have T = 1 - et/n > 3h/(d + A) > A/d. Also, by (2) t a (dT/A - 1)2/r. 
Since the function f(x) = d2x/A2 + l/x is increasing for x > h/d, we find 
d/A - 2 > t > d2T/A2 + l/7 - 2d/A > 3d2/(A(d + A)) + (d + A)/3A 
- 2d/A = (4d2 - 4 dh + A2)/(3A(d + A)) > (3d2 - 3 dA - 6A2)/(3A(d 
+A)) = d/A - 2, a contradiction. 
That leaves us with the case (Cl = c - 1, B is nonempty, and all 
components of C are singletons. Now we have, instead of (I), the sharper 
i.e., 
If r < 2A/(d + A), the tc/n > (d - A)/(d + A), and since c/n Q A/(d + 
A), it follows that t > d/A - 1. Thus, we may assume that T > 2A/(d + A). 
However, then t > d’/A(d + A) > (d - A)/A = d/A - 1. ??
3. REMARKS 
The above estimates may be improved by noticing that either ICI/c is 
much larger than 1 or the average valency of C is much less than A (but the 
computations become messy, and I have not pursued this). 
[For example, assume that C has average valency 7A. where 0 Q 7 < l/2. 
Instead of (2) we now find 
If we want to prove t > d/A - 1, then we may assume as above that 
7 2 2A/(d + A) and ICI > c, so 
TOUGHNESS AND SPECTRUM OF A GRAPH 
i.e., 
2A d+A 
t- >- - d+*+ 8h -l>,O. 
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However one can check that it is impossible that equality holds in all 
estimates, so if C has average valency at most h/2, then indeed t > d/h - 
1.1 
On the other hand, since d z A and t can be arbitrarily close to zero, in a 
result of the form t > d/h - a for some constant a, we must have a > 1 if 
the result holds for arbitrary regular graphs. (By the way, regularity is not 
very essential in the theorem-similar results hold for arbitrary graphs.) 
Stronger results can also be obtained by keeping 8, and 0, separate, instead 
of lumping them together in A. 
This note would never have been written had 1 not read the last chapter of 
Jan van den Heuvel’s thesis 161, which describes the contents of a paper by 
Bauer, van den Heuvel, and Schmeichel, where triangle-free t-tough graphs 
are constructed for arbitrarily large t, thus destroying a conjecture by 
Chvcital. I am also indebted to Jan van den Heuvel for providing me with a 
copy of (11. Willem Haemers taught me interlacing and made several useful 
remarks regarding the presentation here. Also the referee suggested some 
improvements in the presentation. 
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